A gyrotron internal mode converter consists of a launcher that radiates the waveguide mode as a nearly Gaussian beam in free space, followed by a set of mirrors to focus and direct the radiation.
I. INTRODUCTION
High power gyrotron cavities operate in high order transverse electric (TE) modes of a waveguide with an axial wavenumber close to cutoff ( [1] , [2] ). It is important to convert these high order TE modes into a low order waveguide mode or a Gaussian-like beam in free space in order to reduce losses in the transmission of the gyrotron output power. Present day gyrotrons operating at very high power levels, hundreds of kilowatts to above one magawatt, use a mode converter located inside the gyrotron, a so-called internal mode converter (IMC). in a superconducting magnet. The electron beam is generated by a magnetron injection gun (MIG) and deposited on to a single-stage depressed collector. The IMC is located after the cavity and operates in a waveguide just above cutoff, thus reducing the size and increasing the efficiency of the converter. The converter is constructed of a launcher, which radiates the power from the waveguide TE mode into a Gaussian-like beam, followed by a series of mirrors that can correct the phase errors of the launched beam. The final microwave beam, which is Gaussian-like, exits the gyrotron through a window.
An internal mode converter consisting of a helically cut waveguide, called a launcher,
followed by a set of smooth focusing mirrors was first proposed and demonstrated by Vlasov et al. [3] . The launcher is simple helically cut section of waveguide. The power radiated from the launcher is captured by one or two cylindrical mirrors and converted to a Gaussian beam of good quality. The advantage of this version of the IMC is that it is relatively simple and is very compact. The disadvantage is that the power radiated from the launcher contains sidelobes, which limit the IMC efficiency to about 80 %. This low efficiency is unacceptable for megawatt power level gyrotrons. However, the Vlasov IMC is used in low power gyrotrons because it is very compact and easy to fabricate [4] . It is also used external to the gyrotron [5] .
Several optimized modifications of the Vlasov antenna have been reported in the literature ([6] , [7] , [8] , [9] , [10] , [11] ). These modifications allow one to improve the efficiency of conversion of a rotating circular waveguide mode into a Gaussian beam. In one of the most successful of these designs, a mixture of modes is generated by a rippled wall prior to the launcher so as to form a Gaussian-like beam with little or no sidelobes, thus allowing very high efficiency in the IMC [9] . In a recent paper, the launcher has been optimized numerically using the surface current integral equation method, leading to close to 100 % theoretical efficiency for the IMC [12] .
In this paper, we use the quasi-optical theory of diffraction to calculate the radiation from a helical cut of a waveguide. The case considered applies to the Vlasov launcher and the Vlasov IMC. Analytic results are compared to numerical results obtained from the electric field integral equation method. Since the Vlasov IMC is still in use, the present results should be helpful in designing such converters. The present results will also be useful for understanding the general role of edge diffraction in the gyrotron IMC design ( [13] , [14] ). The quasi-optical approach used in this paper was previously applied to radiowave propagation in the atmosphere and later was extended to laser applications( [15] , [16] , [17] , [18] ).
II. GEOMETRICAL OPTICS REPRESENTATION FOR A WAVEGUIDE MODE
For a TE waveguide mode, the Helmholtz equation for the axial magnetic field u = H z is written in cylindrical coordinates (r, φ) as
z is the transverse wave number. The solution for TE mn modes is
where m is the azimuthal index.
The geometrical optics solution can be derived within the approximation k ⊥ r 1, m 1.
We represent the solution of Eq. 1 as u = A(r)e
, where k ⊥ is a large parameter. , we obtain from Eq. 3
Therefore, the eikonal is
From Eq. 4 we obtain the amplitude
The geometrical interpretation of the solutions of Eqs. 5, 6 is that the density of rays that are tangential to the caustic whose radius is r c = m k ⊥ tends to go to infinity as r goes to r c . That is why the amplitude Eq. 6 goes to infinity at the caustic. The equation of a ray can be expressed as
The equation of constant phase (eikonal) is given by
The surfaces s = const are the evolvents of the caustic shown in Fig. 2 . They are perpendicular to the rays in every point.
The geometrical optics representation Eqs. 5, 6 correspond to the Debye approximation for the Hankel function,
The representation of ray coordinate.
The TE mn mode field distribution is a superposition of the outgoing and incoming cylindrical waves:
III. QUASI-OPTICAL REPRESENTATION IN RAY COORDINATES
In this section, diffraction will be added to the previously developed description of the geometric optics. This is also called the 'quasi-optical' representation. Diffusion of light rays occurs due to edge diffraction into the region where rays are not present in a geometrical optics calculation. It is worth representing the diffraction theory in the ray coordinates. We transform the Helmholtz equation, Eq. 1, to the ray coordinates (s,θ) using Eqs. 7, 8.
The Helmholtz equation in the ray coordinates can be expressed as below.
We convert the Helmholtz equation (Eq. 11) into a parabolic equation in the ray coordinates.
So as to convert it, we represent u as
Assuming that k ⊥ is a large parameter, we drop the terms A, respectively. Therefore, Eq. 11 can be expressed as [16] .
. Eq. 12 is transformed to
We define α such that the coefficient of
We express A as follows,
Therefore Eq. 13 can be rewritten as
Eq. 16 then can be solved using separation of variables.
The solution of Eq. 18 is a superposition of Airy functions Ai(t − Y ) and Bi(t − Y ):
Going back to the coordinates θ and l = s − r c θ = r 2 − r 2 c , we represent the solution of Eq. 12 using Eqs. 14, 15, 17 and 19 as follows.
A general solution of Eq. 12 can be constructed as a superposition of the fields (Eq. 20) with different variables t.
Eq. 20 is the quasi-optical representation of fields along the ray. To compare it with the geometrical optics representation, we use the asymptotic representation for the Airy function. To derive the asymptotics we use the following equation [15] 
−zp dp + 1 π
−zp dp
where the second term is small for large z > 0. We calculate the asymptotics of the first integral in Eq. 21 using the method of stationary phase. The phase function is
The stationary point is determined by the equation dφ dp = 0.
Therefore, the stationary point is represented as p st = √ z. The phase function is represented as
The integral in Eq. 21 can be written as
Assuming that the stationary point √ z is far from the integration limit p = 0, we can integrate from −∞ to ∞. The result of the integration is
Using Eq. 23 we derive the asymptotics of Eq. 19, assuming t Y 1.
Therefore, the asymptotic representation for Eq. 20 assuming |αl 2 − t| 1 is the following
This asymptotic solution is still the quasi-optical approximation. The term exp −i
we end up with the geometrical optics expression for the field. Now, we apply the rigorous solution in the ray coordinates Eq. 20 and the asymptotic solution Eq. 25 to describe the radiation from the launcher. The radiation is in the interval of angles θ 1 < θ < θ 2 as shown in Fig. 3 where , respectively, at l = l 0 = a 2 − r 2 c , the field is uniform within the interval θ 1 < θ < θ 2 . We represent this field as a superposition of azimuthal harmonics,
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The coefficients can be determined as follows.
for n = 0 and
. Using Eq. 20, the radiated field, therefore, can be written as
This is the quasi-optical representation. Using Eq. 25, the asymptotic equation for the radiated field is now written as,
The geometrical optics representation can be expressed as
Eq. 29 allows us to estimate the Fresnel parameter. At the aperture, the phase varies from 0 to nθ 2 , where θ 2 = arctan 
From nθ 2 ∼ π and the above equation and using Eq. 14 we obtain
Introducing the aperture size σ = l 0 θ 2 , we obtain the criterion of diffraction
where N F is a generalized Fresnel parameter. N F 1 is the region of geometrical optics, N F ∼ 1 is the diffraction region. 
IV. DIFFRACTION IN AXIAL PLANE
In the previous section, we have considered the radiation from the launcher in the azimuthal plane. In this section, we consider the axial plane where the geometry of the problem is shown in Fig. 4 .
The radiation is coming out at the bounce angle of θ B = arcsin ν ka
, ν is the root of the equation J m (ν) = 0 and a is the waveguide radius. We introduce the coordinates (ξ, η), where ξ is in the direction of propagation and η is in the plane of the phase front.
z 1 is the coordinate at which the phase front intersects the axis z.
The radiation field is described by the Helmholtz equation,
which we represent in the quasi-optical approximation assuming u = Ae
The parabolic equation Eq. 32 has the solution.
where
is a Green's function. A 0 (η) = A(0, η) is the complex amplitude at the plane ξ = 0. The constant C can be determined from the condition,
. We assume A 0 (η) = 1 in the interval η 1 < η < η 2 , where
From Eq. 33 and Eq. 34 we obtain
where the Fresnel integral is expressed as
Coordinate of the radiation pattern.
V. EXAMPLE OF CALCULATION OF THE LAUNCHER RADIATION
We employ the Surf3D, an electric field integral equation (EFIE) code [12] , to propagate the radiation from the launcher to the cylinder which is shown in Fig. 5 ; where ν is 45.62, which is the 6-th root of the derivative of Bessel function J m (x) with m=22. Therefore, the angle θ varies from
. The diffraction in the axial plane is calculated for the wave number k=23.05 cm
at f =110 GHz.
In Eq.28 we consider l and θ as functions of r 1 and ϕ 1 .
The calculations have been carried out for r 1 =3.3, 4, and 10 cm. Distributions of both amplitude and phase were calculated using Surf3D and compared to the equation Eq. 28.
The number of azimuthal harmonics N in Eq. 28 was chosen to be 18 in the calculation. Fig. 10(a) ).
For the field distribution in the azimuthal plane, the results from the quasi-optical representations (Eq. 29, Eq. 28) are generated and the results show identical field patterns for both representations. This means that once the ray leaves the waveguide it is in the geometrical optics zone which extends all the way to infinity. The calculated Fresnel number is N F = 32 at infinity and larger as we approach to the aperture of the waveguide cut. Only the quasi-optical results are plotted in Fig. 7, 9 , and 11 and compared to the numerical results. 
